In the framework of Black-Scholes-Merton model of financial derivatives, a path integral approach to option pricing is presented. A general formula to price path dependent options on multidimensional and correlated underlying asset is obtained and implemented by means of various flexible and efficient algorithms. As example, we detail the cases of Asian, Barrier Knock Out, Reverse Cliquet and Basket call options, evaluating prices and Greeks. The numerical results are compared with those obtained with other procedures used in quantitative finance and are found to be in good agreement. In particular, when pricing At the money and Out of the money options, path integral exhibits very competitive performances.
Introduction and motivation
A central problem in quantitative finance is the development of efficient methods for pricing and hedging derivative securities [1, 2, 3] . Although the classical Black&Scholes and Merton model of financial derivatives [4] provides an elegant framework to price financial derivatives, the level of analytical tractability of the model is limited to Plain Vanilla call and put options and few other cases. If we are interested to price more sophisticated financial instruments, such as options whose payoff at the expiry date is some known function of the path that the underlying asset follows before the maturity (i.e. path dependent options), appropriate numerical techniques have to be applied. Although for the price of some of these instruments there exist closed-form solutions or particular procedures [5] , the specifications of the contracts that are traded in practice or the dependence on multiple assets require in general flexible and fast numerical algorithms to be available. There is a wide literature on the subject and many approaches have been proposed. The standard numerical procedures adopted in financial engineering involve the use of binomial or trinomial trees, Monte Carlo simulations and finite difference methods [1, 2, 3] . Alternative and more recent algorithms are described, for example, in Ref. [6] , which the reader is addressed to for quite a comprehensive bibliography.
In this paper we extend the path integral approach to option pricing developed for unidimensional assets in Ref. [7] . We generalize the original formulation in order to price a variety of commonly traded exotic options. First, we obtain a pricing formula for path dependent options based on multiple correlated underlying assets; second, we improve the related numerical algorithms. Comparisons with standard Monte Carlo simulations, as well as with the results of other numerical techniques known in the literature, are presented. Related attempts to price exotic options using the path integral method can be found in Ref. [8] .
The structure of the article is as follows. In section 2 we review and generalize the path integral approach to option pricing, to arrive at a general formula to price exotic options with path dependent features, also for options depending on multiple and correlated underlying assets. Section 3 is dedicated to describe the details of the computational algorithms, which are used to obtain the numerical results discussed in section 4. The latter section shows how the approach can be efficiently implemented to price a large class of exotic options: Asian, Barrier Knock Out, Reverse Cliquet and Basket options. Results for the Greek letters relative to the considered options are given in section 5. Conclusions and possible perspectives are drawn in section 6.
Path integral
Path integral techniques, widely used in quantum mechanics and quantum field theory, can be useful to describe the dynamics of a Markov stochastic process [9] . In our case, we are interested in a multidimensional stochastic process S (corresponding to the price of a set of given underlying assets) which satisfies a stochastic differential equation (SDE) describing geometric Brownian motion. It is common practice to consider a D dimensional asset S such that, ∀i, j, k = 1 to D,
where µ k are the mean returns (under the objective measure), σ k the volatilities and ρ ij the correlations between the Wiener processesW (ρ ii = 1), all of them being constant. The ρ ij and σ k can be computed, for example, by analyzing the time series of the correlations between different assets returns:
where we introduced the Variance-Covariance matrixΣ. It is however convenient to write (1) in terms of the square root Σ ofΣ and of a standard D-dimensional Wiener process W . The square root Σ is defined by relation ΣΣ T =Σ and can be chosen to be a lower triangular matrix. Consequently, under risk neutral measure, the stochastic variable z . = (log S 1 , . . . , log S D ) satisfies the following equation
where the k th entry of A is A k = r − 1≤i≤k Σ 2 ki , with r risk-free interest rate. Equation (3) means that z is normally distributed with mean A and Variance-Covariance matrix Σ. Solutions of (3) are known to be Markov processes and therefore it is possible to describe their time evolution via a path integral formulation [7] . Moreover an important feature of (3) is that the conditional probability density p(z, t|z ′ , t ′ ) is known and given by
where || means standard Euclidean norm. Equation (4) together with the Markov property is indeed what we need to derive path integral formulation: it holds for any arbitrary time t and, in particular, we are interested in the limit t − t ′ → 0. Moreover, the transition probability density p satisfies the so-called ChapmanKolmogorov equation
where we have omitted the explicit dependence on t, for the sake of simplicity. Hence, if we consider a finite time interval [t ′ , t ′′ ] and we divide it in n + 1 subintervals of lenght ∆t = (t ′′ − t ′ )/(n + 1), we obtain, by iteration of (5),
where z n+1 . = z ′′ and z 0 . = z ′ . Usual "path integral interpretation" of equation (6) is that, in the limit ∆t → 0, n → ∞, n × ∆t = t ′′ − t ′ , the transition probability density equals the functional integration over all the paths starting from z ′ and arriving at z ′′ . Our first aim is to rewrite (6) as an integral over some independent standard gaussian variables through some rotations and translations. First of all we set η i = Σ −1 (z i − Ai∆t), thus obtaining
Then we introduce the n × n matrix
such that equation (6) rewrites
where O is the orthogonal matrix that diagonalizes M , the m i , i = 1, . . . , n, are the eigenvalues of M and η
are Gaussian probability density functions (pdfs) with mean (η
/m i and variance ∆t/m i . The details for the no correlation case can be found in Ref. [7] . It is worth noticing that, once z 0 and z n+1 (and consequently η 0 and η n+1 ) are fixed, one Monte Carlo call of the h k i 's (seen as random variables with pdf ρ k i ), is equivalent to the the simulation of a price path, by virtue of the relation
When we price path dependent options by arbitrage arguments, we are interested in calculating mathematical expectations of the form
where f is a given payoff function. The Markov nature of the price dynamics allows us to write
and therefore, thanks to (8), (10) becomes
where
It is sometimes convenient to write down above formulae in terms of standard Ddimensional Gaussian variables ǫ j , and this can be easily done by means of the linear transformation
Typically, p(z 0 ) is a Dirac delta distribution centered at the logarithm of the spot price S 0 , and the pricing formula becomes
i.e. we splitted the n + 1 dimensional integration into an external integration over the final price value z n+1 and n internal integrations over the Gaussian variables ǫ i .
Computational algorithms
Formulae obtained in the previous section are suitable tools to price path dependent options: what we have to do is to numerically compute integrals in (14) . We can do this in at least two ways:
1. we can "separate" the internal D × n-dimensional integration and the external D-dimensional one, performing the former via Monte Carlo and the latter with a method to be specified. We shall call this method path integral with external integration. This method is particularly performing with unidimesional asset, as it will be shown in the following.
2. We can, instead, perform a pure D × (n + 1)-dimensional Monte Carlo integration. This method will be called pure Monte Carlo and will be of use when considering multidimensional assets.
Path integral with external integration
This method corresponds to a very precise evaluation of the integrand functionĨ for some fixed values of z n+1 . Actually, we want to approximate the external integral with a formula like
with a suitable choice of the integration weights w i and of the integration points z
. Since in our case we have not an explicit expression forĨ, we can evaluate it via Monte Carlo integration, that is, for each z Of course, the choice of the z n+1 's influences the final result and has to be done carefully. We implemented a deterministic method to integrate over the z n+1 , by performing a trapezoidal integration with equispaced abscissa [10] . The corresponding numerical results are shown in the next session. Then, by using independent calls for each ending point, we estimate (14) as
It is worth noticing that such an error does not include the effect of finiteness of n int . In the next session we shall discuss numerical results that provide us reasons to consider the error due to finite n int as negligible. The above procedure is similar, for the separation of the integrals and the way it generates paths once ending point is fixed, to a variance reduction technique known as stratified sampling Monte Carlo [11, 12] . In order to test whether the good numerical results were related or not to this prior integration, we implemented a stratificationlike algorithm based on Lévy recursive construction of Brownian motion, the so called Brownian bridge. Details about this testing algorithm can be found in Appendix A while we give numerical results in the next section.
Pure Monte Carlo
We will show in the next section that when we price unidimensional assets according to (16) , a deterministic choice of final integration points works better than a Monte Carlo one. However, deterministic approach looses its competitivity when we consider multidimensional underlying assets. As an alternative, we propose a method based on a pure Monte Carlo integration coupled with path integral.
We approximate (14) by letting z n+1 ∈ [z min , z max ], thus obtaining
In other words, we read the pricing formula as the mathematical expectation of a function of n+1 independent variables, the first, z n+1 , being uniformely distributed over [z min , z max ] and the others, the ǫ i 's, which have a standard Gaussian pdf. Our algorithm evaluates (17) by a pure Monte Carlo methods extracting m random independendent and identically distributed arrays (z
..,m . It is also possible to implement an importance sampling with a truncated Cauchy pdf normalized to 1 on an given interval [a, b]. The particular choice of a Cauchy function is suggested by the idea that the integrand is given by the product of Gaussian functions and of something like a max(·, ·). Thus, in a first rough approximation, we consider the resulting function to be slightly wider than a Gaussian one. Moreover, we verified that an integration performed with a Gaussian distribution underestimated the effects of the tails. Reasonable values for a, b, as well as for the mean z n+1 of the Cauchy pdf, depend on the values of the strike, the spot, the volatility etc. This method could look like a standard Monte Carlo simulation of a random walk, but there are some slight differencies. First of all, in the standard case we simulate each path recursively by throwing n + 1 gaussian variables, while here we want to construct paths that lead to a given z n+1 , Then, we introduce an asymmetry between z n+1 and the ǫ i 's in the sense that z n+1 plays a crucial role and we give to it the possibility of being thrown by a pdf which is not gaussian by means of importance sampling. This reveals to be very useful when we price Out of The Money options and the Monte Carlo random walk is not efficient.
Numerical results and discussion
In this section we apply the methods discussed in the previous section to price different kinds of path dependent options: Asian and Up-Out Barrier Unidimensional call, Unidimensional Reverse Cliquet and Asian Basket call. The dynamics of the underlying assets is supposed to follow equation (3) and we place ourselves under the (martingale) risk free measure.
Unidimensional asset

Asian option
The fair price for a discretly sampled Asian call option on an unidimensional asset is
where K is the strike price and T the maturity. The parameters used in the numerical simulation are: z 0 = log 100, r = 0.095, σ = 0.2, t = 0, T = 1 year and n + 1 = 100. Moreover, we consider K = 60, 100, 150 in order to study the behavior of our algorithm when the option is In The Money (ITM), At The Money (ATM) and Out The Money (OTM), respectively. Before reporting variance reduction results, it is useful to proceed as in section 3.1 in order to approximatively trace the shape of the integrand functionĨ(z n+1 ) in (14) for the case of Asian call options. In figure 1 we report the results obtained for ATM, ITM and OTM option. Errorbars are Monte Carlo ones. There are at least two features to be noticed: the location of its support and the value of its maximum. For ITM and ATM options the values of z n+1 for which the function is considerably different from zero are more or less centered at z 0 + (r − σ 2 /2)T . On the other hand, for OTM options, the lower bound is ≈ log K. We can use these features to reduce the external integration on a finite interval which really contribute to the integral and eventually to perform importance sampling with an appropriate pdf.
In table 1 we present our results together with the ones considered as benchmark and obtained with a Monte Carlo random walk (MCRW) and the Brownian Bridge with stratification (BBST). In the case of path integral with external integration, the number of integration points is set to 200 and for each point we generate 1000 random paths. As anticipated in section 3.1, we use an algorithm with deterministic trapezoidal integration (PITP). In these case, as well as in the BBST, we limit the integration over z n+1 to the interval [z − 4σ √ T ,z + 4σ √ T ], wherez = z 0 + (r − σ 2 /2)T for ITM and ATM options andz = log(K) for OTM ones. In the cases of MCRW and of pure Monte Carlo path integral with flat (PIFL) or Cauchy (PICH) sampling, the total number of paths is 200.000, such that we compare results obtained with the same number of call of the random number generator and the comparison does make sense. In the second part of the table, we present the results improved by the implementation of the antithetic variables technique (AT). This technique is a well known method [2] to reduce the variance of random walk based simulations and here is adapted to our algorithms.
In table 1 we can notice that all path integral prices are in very good agreement with the ones obtained via random walks and BBST. We further performed a tuned comparison with the results quoted in Ref. [6] finding perfect agreement. From the point of view of variance reduction, the PITP algorithm turns out to be the most performing method, especially when we want to price ATM/OTM options. This means that when the integrand is non-zero only in a region far from z 0 + (r − σ 2 /2)T , simple MCRW generates paths which are not relevant for the mathematical expectation. Furthermore, the PITP and the BBST give essentially the same results, thus confirming our hint that the fact of fixing the ending point before generating paths plays the crucial role in the variance reduction. Let us stress that the flat integration gives bad variance results and that PICH and PIFL algorithms are performing only out of the money. Some comments about the numerical errors are in order here. For MCRW, PICH and PIFL, they derive directly from the CLT. The error estimation for PITP and BBST is more tricky, because they share deterministic and random features. Errors in the formula (16) result from the combination of the Monte Carlo errors on each ending point, z n+1 . To estimate the error associated to the finiteness of n int , we analysed the stability of price with respect to the number of integration points. In figure 2 we show the prices thus obtained. 
Price
It can be seen that the fluctuations of the price value due to the choice of n int become negligible with respect to the width of the errorbars. This is why we consider the relevant error as related to the Monte Carlo part of integration and we set n int = 200.
Up-Out Barrier options
In this section we consider Barrier options of European style, i.e. whose exercise is possible only at the maturity. In particular, we price so called Knock-out Up options. The payoff is a functional of all the path and has the following espression:
where τ = inf(s > t; z(s) ≥ log U), U is the upper barrier, R is a fixed cash rebate and 1 A is the characteristic function of the set A. In our simulation we set R = 0. It is known [11] that, whenever we discretize this continuous time problem, setting we overestimate the price of Up-Out options. Actually, we do not take into account the possibility that the asset price could have crossed the barrier for some t ∈]t i , t i + 1[ and some i = 0 to n + 1. One way to have a better approximation is to proceed as follows: we define h = T /(n + 1), so z i = z(t + ih), with i = 0, . . . , n + 1. Firstly we check if e
has reached the barrier U. If not, we compute the value
and we extract a random variable from a Bernoulli distribution with parameter p i . If the results is 1, the barrier value has been reached and the simulation is stopped, otherwise the simulation is carried on. This technique is largely discussed in literature [11, 13, 14] . In table 2 we report the numerical results for z 0 , r, σ, t, T , n + 1 = 100 and the number of Monte Carlo calls fixed as in the previous section. We price an ATM option, K = 100, and an OTM option, K = 130, with U = 150 and U = 200. It is particularly evident the computational gain associated with the AT-PITP algorithm, i.e. a path integral with external trapezoidal integration improved by antithetic variables technique.
Reverse Cliquet options
The last one-dimensional case we consider is represented by the so called Reverse Cliquet option, whose payoff function is given by the following:
The option is characterized by the number of periods, n, the minimum amount, the floor F , and the maximum coupon, the cap C, payable. Because the value of the contract increases when positive performances are more probable, i.e. the skewness increases, the owner of the option goes long the skew. We have tested our algorithms by choosing numerical values for the parameters in order to perform a comparison with the results quoted in Ref. [6] and which are reported in table 3 for completeness. The floor F has been fixed equal to zero, while the cap C = nc, with c = 0.04, S 0 = 100, r = 0.09 and σ = 0.3. The T /n ratio value 
Multidimensional assets
In this section we report the performances of path integral pricing in the case of options on multidimensional assets S = (S 1 , S 2 , . . . , S D ). As example, we price an Asian call option on the basket X whose value at time t is obtained by linearly combining the values of the components of S:
Consequently, no-arbitrage price of this option at time t = 0 is
In order to compare multidimensional performances of all the algorithms introduced in section 3, we need to choose D such that it still makes sense to perform a deterministic integration over z T = ln S T . However, we expect a gain in competitivity of pure Monte Carlo integration (PIFL, PICH), as the deterministic one gradually loses its attractive features when dimension increases. That is why we choose a three-dimensional correlated asset. All tests are performed by setting r = 0.095, by considering a maturity of T = 1 year with a time discretization of 100 time steps (n + 1 = 100) and, when not stated otherwise, ρ = 0.6 and σ k = 0.2, k = 1 to D = 3. As in the previous sections, path integral integration is limited, on each dimension to an interval of amplitude 8σ k √ T . In the special case of PITP, for each ending point we have 1000 Monte Carlo calls and it is worth noticing that if we choose n 1 integration values for each dimension, the total number of deterministic integration points grows exponentially as n D 1 . Thus, a poor-quality unidimensional integration with n 1 = 10 consists indeed in evaluating the The first test is about the convergence of deterministic integration: we set K = 120, S 0 = (100, 90, 105) and we compare prices obtained with n 1 = 6, 8, 10, i.e. with 216 · 10 3 , 512 · 10 3 , 10 6 total calls. In table 4 we report the prices thus obtained with their Monte Carlo errors at two standard deviations (confidence interval of 95%) toghether with two significant ratios. The first, in column four, is the ratio between Monte Carlo error and price at n 1 = 10; the second, in the fifth column, is the difference between the price and the price when n 1 = 10 divided by the latter. As in the unidimensional case, changes in prices due to the number of deterministic integration points are well included in the Monte Carlo confidence interval.
Let us remark that when we perform a pure Monte Carlo (PIFL, PICH, MCRW) computation with a small number of Monte Carlo calls, say 10 4 , we find that MCRW is "highly recommended", as path integral fails to efficiently explore the support of the integrand function. Results corresponding to ρ = 0.8, K = 110, σ k = 0.2 + 0.02 · (k − 1) and obtained with two different choices for the center of the integration cube C and two different spot S 0 are reported in table 5. The case S 0 = (100, 95, 80) corresponds to an OTM case, while when S 0 = (105, 110, 115), corresponds to ATM. In this case we have bad convergence results as the central value depends on the integration region and the Monte Carlo error is therefore large. Once we take care of chosing a sufficient number of Monte Carlo calls (just take as reference deterministic integration with the rule of thumb of setting at least 6 integration points for each dimension and 1000 calls for each ending point, that is 6 D · 10 3 total calls), we compare the behavior of our algorithms in the cases OTM and ATM. We report them in table 6 where we fix spot price to S 0 = (100, 90, 105) and we change the strike to have ITM/ATM (K = 100) and OTM (K = 140) pricing. Once again we report results obtained with two different integration intervals in order to show that the chosen number of calls is enough to guarantee stability of integration to (relatively small) changes of integration hypercube ¶. As in the unidimensional case, we use the rules of thumb of centering integration for z T on ln K when we are OTM and on ln S 0 e rT when we are ATM. When compared to table 1, these results present some analogies and some differences. It is clear that, as it was for the unidimensional case, path integral is still a good choice to price OTM options, prices being in agreement with the benchmark MCRW and errors smaller, especially with a Cauchy pdf sampling (PICH). On the other side, when dimension increases, path integral ATM performance worsens. Even if we perform tests with 5 · 10 5 and 10 6 Monte Carlo calls, whenever we are ITM/ATM, path integral fails to give a small error, central value being however compatible with benchmark. Moreover, we remark that deterministic integration has effectively lost its attractive properties, PIFL and PICH giving more precise confidence intervals.
Greek letters
In the present section, we give the results, obtained for Asian and Barrier Knock Out options, concerning the so-called Greek letters. It is interesting to compare the numerical values with those obtained with the analytical formulae for Plain Vanilla call options, which we report here for completeness:
where N is the cumulative of a standardized Gaussian distribution,
The values of the parameters are K = 100, r = 0.095, σ = 0.2, T = 1 year and n + 1 = 100, while for the barrier we choose U = 150. The error bars represent one standard deviation numerical errors.
In figure 3 we show the price of the option and the Delta, Gamma, Vega and Theta versus S. As expected, the qualitative behaviour of prices and Greeks for Asian call options does not differ significantly from Plain Vanilla one. The shift in prices is due to the fact that in the Asian payoff the role of S(T ) is played by the mean value of S along the path. A lower price is therefore a straightforward consequence. The Greeks do not coincide exactly, but the relevant features, such as the sign of the derivative, are preserved. The situation is completely different for the barrier options. First of all, we expect that for small values of S and with our choice for the max barrier value, U = 150, the results overlap the European ones. This can be easily verified from the figures and considered as a check for the consistency of the data. The profile of the price graph is characterised by changes both of the monotonic properties and of the concavity, as shown in figure 3 . This reflects in the change of sign of the Delta and Gamma. The behaviour of the Vega can be explained by noticing that, for S << U, an increase of the σ means an increase in the width of the distribution of S(T ), that reaches higher values without reaching the barrier, so ∂O/∂σ > 0. Contrarily, when S and σ grow S(T ) reaches the barrier more frequently and option loses value. Analogously for the Theta, i.e. −∂O/∂T , where the role of σ is played by the maturity T . However, in this case, the presence of the minus sign in the definition implies Θ < 0 for S << U and Θ > 0 otherwise.
Conclusions and outlook
In this paper we have shown how the path integral approach to stochastic processes can be successfully applied to the problem of pricing exotic derivative contracts. Numerical results for the fair price and the Greek letters of a variety of options have been presented and carefully compared with those obtained by means of other procedures used in quantitative finance. With respect to the original formulation of Ref. [7] the method has been generalized in order to cope with options depending on multiple and correlated underlying assets. Concerning options depending on a single asset, it has been shown that the algorithm can provide very precise results, especially for pricing ATM and OTM options, by virtue of an appropriate separation of the integrals entering the path integral formula and, more importantly, of a careful simulation of random paths arriving at some fixed ending points, in order to probe the relevant regions of the payoff functions. As far as Basket options are concerned, while in general the standard Monte Carlo simulation turns out to be more efficient, our approach exhibits best performances for OTM option. The algorithm is general and could be extended to price other types of exotic contracts. A possible perspective would be to use the results here as a benchmark to train neural networks, along the lines described in Ref. [15] . A further important development concerns the application of the method to more realistic models of the financial dynamics, beyond the log-normal assumption and including power law tails [16] .
where G is defined as G(x) . = E[F (z n+1 , ǫ) | z n+1 = x] and ρ is the pdf of z n+1 . In this way we stratify the domain of the random variable z n+1 and force it to take values into fixed closed sub-sets of it (here the sub-sets reduce to the points x ∈ R). It is possible to show [11] that this procedure may lead to a variance reduction. We then approximate integration over x as in (15) and evaluate via Monte Carlo G(x), by generating backward paths as in (A.1). This way of proceeding has the same qualities and the same limitations as the PITP, that is: whenever we switch to multidimensional assets, the deterministic integral becomes less and less accurate.
